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IN A SYSTEM OF BODIES 

N. V. Diligenskii and Yu. I. Ivanov UDC 536.241 

A method ts p roposed  for  calculat ing the mean - in t eg ra l  contact  t e m p e r a t u r e s  and the heat 
balance during complex heat t r a n s f e r  between four bodies in contact .  

We cons ider  a s y s t e m  of four bodies in contact:  bodies 1, 2, 3 a re  rotat ing and the semiini ini te  body 
4 is s t a t ionary  (Fig. 1). Bodies 1 and 2 a r e  in contact a c r o s s  a r e a  1, bodies 2 and 3 a re  in contact  a c ro s s  
a r e a  2, and bodies 2 and 4 a r e  in contact  a c r o s s  a r e a  3. 

At the contact  a r e a s  there  is  heat d iss ipat ion at a uni form r a t e .  

The p rob lem will be t r e a t ed  as two-dimens iona l  for  bodies 1, 2, and 3, i .e . ,  we will opera te  with 
m e a n - o v e r - t h e - w i d t h  (l) t e m p e r a t u r e s  at the contact  a r e a s .  The  length of all  contact a r e a s  (bk) will be 
a s s u m e d  the same  (bt = b2 = bs = b). Bodies 1, 2, and 3 a r e  cooled uni formly  at the i r  end su r f aces .  The 
the rmophys ica l  c h a r a c t e r i s t i c s  of the bodies a r e  independent of the t e m p e r a t u r e .  

With all  these  st ipulations the p rob lem can be fo rmula ted  in t e r m s  of the following equations:  
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Here  5 (x) is  the Dirac  6-function and 

01 qo<a, • c ) =  r 

II 

7 (x, y)= [ o 

t 
The boundary conditions for Eqs. (i)-(3) are: 
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00h0p "o=o = 0 '  k =  1, 2, 3, (4) 
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Fig.  1. 

I 

Schematic represen ta t ion  of bodies in con-  
tac t .  

04-+0 as x, g, z-+oo, (5) 
P, ~.. 

foley!o=1 = J o2e~[o=. (6) 
b o 

0~dq~[p=l- l l f  .I'Oflxdy]~=o ' (7) 

I 0 

= ,i' o~d~'~=~, (8) 
z~ 0 

-~- Ki22, Kis = Ki~ + Ki2a. (9) Ki 1 = Ki n + Ki21, Ki2 = Kia, 

Equating the t empera tu re  of different  bodies at the i r  contacts  and consider ing the heat balance at the 
contact  sur faces ,  we will set up a sys tem of a lgebraic  equations for  the the rma l  fluxes t ransmi t ted  to the 
contacting bodies and then solve i t .  

The solution to Eq.  (1) can be r ep re sen t ed  as a sum of two components:  a constant component O k equal 
to the mean- in tegra l  solution with r e spec t  to angle ~o 

2 ~  

t 1 O h (9, ~p) d~p (10) Oh (P) = 2a , 

0 

and an al ternat ing component 

(}h(P, r 0~(p, ~p)----0h(p). (II) 

Integrat ion over  angle ~o f rom 0 to 27r yields the following equation for  the constant component:  

0~ h 1 00~ +Bih0---h_ Ki.~ 8 (p --1)  (12) 
0p 2 p 0p 2nA~ 

The solution to (12) is 

where I 0 and I I denote the modified zeroth- and first-order Bessel functions. 

(13) 
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At high ro t a t i ona l  s p e e d s ,  as  has  been  shown in [1], the a l t e rna t i ng  componen t  p e n e t r a t e s  only s l ight ly  
into the bod ies  and is  l i t t le  a f f ec t ed  by the hea t  t r a n s f e r .  An a s y m p t o t i c  r e p r e s e n t a t i o n  of the a l t e r n a t i n g  
componen t  at  a high s p e e d  is  g iven  in [2]. Neglec t ing  a l l  but the f i r s t  t e r m  of the expans ion  at  s m a l l  con tac t  
a n g l e s ,  the a l t e r n a t i n g  componen t  of the s u r f a c e  t e m p e r a t u r e  m a y  be w r i t t e n  in the f o r m :  

6h _ 2Ki,~ 1/q~ (14) 
Ah[~h V-aP~-~ ' qo E[0, ]3hl. 

The  next  t e r m  in the  a s y m p t o t i c  expans ion  (14) is  of the o r d e r  O in 1 / P c .  P r a c t i c a l  e x p e r i e n c e  has  shown 
tha t ,  when Pe  > 20, ca l cu l a t i ons  b a s e d  on the f i r s t  t e r m  only a r e  su f f i c ien t ly  a c c u r a t e .  

E x p r e s s i o n  (14) is the so lu t ion  to the equat ion:  

p% 00 h 0 2 0 ~ _  Ki~ 6(1__9) .  (15) 
&P 092 Ah~ 

A ca l cu l a t i on  of the m e a n - i n t e g r a l  con tac t  t e m p e r a t u r e  y ie lds  

e ~  = K i ~  Io ( V ~ )  , 4Ki~m (16) 
2gAb V - ~ I  1 (V-t~) v 3A h t,z~ p%[8 h , 

w h e r e  k = 1, 3 and m = 1, 2. Le t  us  a s s u m e  that  

I 0 (V BL,~) B~ -- 4 
Ah = 2aA~ V ~  I1 ( V ~ )  ' 3Ak l/~Pe,,[~,~ ' 

~h = Ak q- Bh. 

Ana logous ly ,  fo r  the  second body we have  

02,~ (Ki~l -t- Ki~2 + Ki2a) Io (1 ~ )  4Klein (17) 
= 2JIA 2 1 / ~  11 ]/(Bi2) q- 3A 2 V-n-P-e-~2 ' 

w h e r e  m = 1, 2, 3. 

We now in t roduce  the  fol lowing des igna t ions  a 

I o ( 1 / ~ )  B2 = 4 
A2=  2aA~V~]~II(VBi2 ) ' 3A2v, ap%t8~ ,:212=A,-',-B~ " 

T h e  so lu t ion  fo r  the t e m p e r a t u r e  of a r e c t a n g u l a r  a r e a  th rough  which a un i fo rm  t h e r m a l  f lux p a s s e s  
into the s emi in f in i t e  body wil l  be  t a k e n  f r o m  [3]: 

0,-- A, axlb2Ki4a { bPArsh b-~-+tb2Arsh t l  . . . .  b -I- 31 [b2+I2 (b2_l p)a/2]} (18) 

It  wil l  a l so  be  a s s u m e d  that  

,g/~_ 1 {bPArsh__b + /b~arsh  /_  [_ 1 } A4alb 2 l b ~ -  [b2@P--(b 2 -I- p)a/2] 

Substituting from Eqs. (16)-(18) into Eqs. (6)-(9) yields a system of algebraic equations, which will be 
written down in the following form: 

(Ki~ --Ki~,) t71 = (Ki,2, q- Ki2~ q- Ki2a) A2 + Ki,a, �9 B~, 

(Ki~ - -  Ki~) ~a = (Kin q- Ki~2 + Ki~a) A~ + Ki~.  B> (19) 

(Kia - -  Ki~a) ~7~ = (Ki2, q- Ki~2 -F Ki~a) A~ -1- Ki~.  B~. 

F r o m  h e r e  we d e t e r m i n e  Kii,,Ki22, and Kiaa with the a id  of the C r a m e r  r u l e s .  

With the  d i m e n s i o n l e s s  t h e r m a l  f luxes  Ki2i, Kia2 , and Kiaa known, we d e t e r m i n e  the contac t  t e m p e r a -  
t u r e s  with the a id  of E q s .  (16)-(18).  

The  f r a c t i o n s  of the hea t  f lowing into con tac t ing  bodies  1-4 a r e  d e t e r m i n e d  as  fo l lows:  

Ki 1 - -  Ki21 Ki21 ~- Ki2a q- Ki2: 
~ h -  , ~ h =  , 

ZKi~ EKi m 

Ki~ ~ Ki22 Ki a - -  Ki2a ~ 
rla , ~1~ 

Y Ki~ E Ki~ 

(20) 
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In solving the problem,  we consider  the heat t r an s f e r  between the outer surface  of cyl indr ica l  bodies 
and the surrounding a tmosphere .  The al ternat ing component may here  be cons idered  invariable ,  and the 
equation for the constant {mean-integral) component will be 

0~0h + 1 0 0 ~  _0, 
092 p 0p 

00a j : Ki~--  Bih0kl~__,, (21) 

00~0p o=o=0" 

The solution to Eq.  (21) is O k = Kim/Bik,  f rom which 

1 
Ah 

2nA~ Bi~ 

If body 2, besides rotat ing,  is a lso in t r ans l a to ry  motion along the y-ax is  at a velocity v, this can be 
accounted for  by the appropr ia te  re la t ion  between A 2 and velocity v. At a high velocity~ 

A~ = 2a2 V / -  
3r~R~A 2 iS ~va z 

The solution obtained here  may  be used for analyzing heat t r ans fe r  and contact t em p e ra tu r e s  in nu-  
merous  technological  p r o c e s s e s .  The basic schematic  diagram (Fig. 1) coincides with the mathemat ical  
model  for  an analysis of t he rma l  effects  during cen te r l e s s  surface  grinding and cutting grinding. With the 
number  of contacting bodies reduced to two, we have a mathemat ica l  model  of c i r cu la r  grinding. 

O k : ( t - t 0 ) / ( t s - t 0 )  
k 
m 

to 
t 

t s 
Pe k = WkR~/a  k 
w k 
R k 

a k 
~0 
p = r / R  k 
r 

-- 2< i {/xkl 
~k 
Xk 
l 
A k = Xk/(X 1 + ~ + X 3 + X~) 
X, y,  Z 
fik = b/l:tk 
I~ m = qm b /Z1  k (t s - t o) 
I~km 

qm 
b 

NOTATION 

a re  dimensionless  t empera tu re s  of the bodies (k = 1-4); 
is the number  of the body; 
is the number  of the contact  a rea ;  
is the ambient t empera tu re ;  
is the body t empera tu re ;  
is the scale t empera tu re ;  
is the Pecle t  number;  
a re  the angular  veloci t ies  of the bodies; 
a re  the radii  of the bodies;  
a re  the the rma l  diffusivit ies of the bodies; 
is the angular  coordinate;  
is a dimensionless  radial  coordinate;  
is the radius at any point; 
is the Biot number  (k = 1, 2, 3); 
a re  the coeff icients  of superf ic ia l  heat t r ans fe r ;  
a re  the t he rma l  conductivit ies of the bodies;  
is the length of bodies 1 and 2; 
a re  the dimensionless  t he rma l  conductivit ies;  
a re  dimensionless  coordinates ;  
a re  the re la t ive  lengths of the contact a reas ;  
is the dimensionless  the rma l  flux at contact  a r ea  m{m = 1, 2, 3); 
is the dimensionless  t he rma l  flux passing through m- th  contact a r ea  into k-th 
body; 
is the quantity of heat at contact  a r ea  m(m = 1, 2, 3); 
is the length of contact s i tes .  

i o  

2. 

3~ 
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